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We consider modified gravity models driven by a scalar field whose effects are screened in high
density regions due to the presence of non-linearities in its interaction potential and/or its coupling
to matter. Our approach covers chameleon, f(R) gravity, dilaton and symmetron models and allows
a unified description of all these theories. We find that the dynamics of modified gravity are entirely
captured by the time variation of the scalar field mass and its coupling to matter evaluated at the
cosmological minimum of its effective potential, where the scalar field sits since an epoch prior to
Big Bang Nucleosynthesis. This new parameterisation of modified gravity allows one to reconstruct
the potential and coupling to matter and therefore to analyse the full dynamics of the models, from
the scale dependent growth of structures at the linear level to non-linear effects requiring N-body
simulations. This procedure is illustrated with explicit examples of reconstruction for chameleon,
dilaton, f(R) and symmetron models.
I. INTRODUCTION
The discovery of the acceleration of the expansion of
the Universe [1] has led to a reappraisal of some of the
tenets of modern cosmology. In particular, the possibility
of modifying the laws of gravity on short or large scales
is taken more and more seriously [2].
In view of Weinberg’s theorem stating that any Lorentz
invariant field theory involving spin-2 fields must reduce
to General Relativity (GR) at low energy [3], any attempt
to modify GR must involve extra degree(s) of freedom.
The majority of known models involve scalar fields and
can be separated into two broad classes, the ones involv-
ing non-linearities in the kinetic terms and others with
non-linear interaction potentials. All these models have a
coupling of the scalar field to matter and there could be
an environmental dependence which would manifest itself
in the screening behaviour of the scalar field in high den-
sity regions [4, 5]. Examples of such models abound: the
dilatonic models [6, 7] generalising the Damour-Polyakov
mechanism [8] where the coupling to gravity turns off in
dense environments, the chameleon models [9, 10, 12–14]
where a thin shell shielding the scalar field in dense bod-
ies is present, the symmetron models [15–21] where the
scalar field has a symmetry breaking potential where the
field is decoupled at high density.
Some models are essentially spin-offs of the previous
ones like the f(R) theories [22–32] (for recent reviews
of the f(R) gravity see [33, 34]) which are only valid
when they behave like chameleon theories with a thin
shell mechanism in dense environments [32]. In all these
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examples, the large scale properties on cosmological dis-
tances are intimately linked to the small scale physics as
probed in the solar system or laboratory tests of grav-
ity. Stringent constraints on the possible modifications of
gravity follow from the cosmology of these models too. In
particular, they may lead to potentially lethal variations
of particle masses or Newton’s constant during Big bang
Nucleosynthesis (BBN). This must be avoided at all cost
as this may destroy the formation of elements, one of the
big successes of the Big Bang model. Such a catastrophe
can be avoided provided the scalar fields sit at the min-
imum of the density dependent effective potential prior
to BBN. If this is the case, then the minimum of these
models is stable enough to prevent large excursions of
the scalar field and therefore of scalar masses/Newton’s
constant when the electron decouples during BBN. One
of the most important consequences of this fact, which is
common to chameleons, dilatons and symmetrons is that
the cosmological background with the scalar field at the
density dependent minimum of the effective potential be-
haves essentially like the Λ-Cold Dark Matter (ΛCDM)
model and is therefore almost indistinguishable from a
cosmology comprising matter, radiation and a pure cos-
mological constant. This is a major drawback and would
immediately render irrelevant the modified gravity/dark
energy models with screening properties.
Fortunately, this is far from being the case as first an-
ticipated in [10, 11] where the equation governing the
density contrast of CDM was first studied. Indeed, in-
side the Compton wavelength of the scalar field, the den-
sity contrast grows anomalously compared to its usual
growth in the matter dominated era. If this discrepancy
were large enough on astrophysical scales, this may be
detectable by future galaxy surveys. It turns out that
the perturbation equation at the linear level depends on
the time evolution of the scalar field mass and the cou-
pling strength to matter. With these two functions, all
the time and space properties of the linear perturbations
2can be calculated.
In fact, these two time-dependent functions capture a
lot more about the modified gravity models with screen-
ing properties: they allow one to reconstruct fully and
uniquely the whole non-linear dynamics of the models
[5, 35]. Hence given these two functions, not only can
one compute linear perturbations, but one can study the
gravitational properties of the models in the solar sys-
tem and laboratory experiments. One can also analyse
the cosmological behaviour of the models with N -body
simulations. This way of defining the models, a reversed
engineering procedure from the mass and coupling func-
tions to the non-linear dynamics, is a lot more versatile
than the usual direct route where a model is defined by
its Lagrangian comprising the kinetic terms and an in-
teracting potential. Indeed, all the usual models such as
chameleons, f(R), dilaton and symmetrons can be ex-
plicitly rediscovered by specifying the particular ways the
mass and coupling functions behave in time. Moreover,
one can design new families of models. At the linear level
of cosmological perturbations, this approach is equivalent
to a space and time dependent parameterisation [36–45]
in terms of the two Newtonian potentials obtained in the
Jordan frame: the modified Poisson equation and the con-
stitutive relation linking the two Newtonian potentials
are directly and uniquely determined by the mass and
coupling functions in the Einstein frame. For instance,
we shall see below that one recovers the phenomenolog-
ical description of f(R) models which uses a space and
time dependent parameterisation [40] as a simple appli-
cation of our formalism.
The paper is arranged as follows, in a first part we de-
scribe the modified gravity models with scalar fields and
their cosmological background and gravitational proper-
ties. We then describe the tomography of the models,
i.e. how to reconstruct their full dynamics using the time
evolution of the mass and coupling functions. In section
IV, we focus on f(R) models. In section V we analyse the
growth of structure. In section VI, we consider the con-
straints on these models resulting from the variation of
the fundamental constants. We conclude in section VII.
Throughout this paper the metric convention is chosen
as (−,+,+,+); Greek indices (µ, ν, · · · ) run over 0, 1, 2, 3
while Latin indices (i, j, k, · · · ) run over 1, 2, 3. We shall
adopt the unit c = 1 and mPl denotes the Planck mass.
Unless otherwise stated a subscript 0 will always mean
the present-day value of a quantity.
II. MODIFIED GRAVITY
In this paper we propose a parameterisation of a broad
class of theories with a scalar degree of freedom, such
as the chameleon, dilaton and symmetron theories, and
f(R) gravity. The success of these theories relies on mech-
anisms that suppress the fifth force in local, high matter-
density, environments. We will find that the complete
non-linear Lagrangian comprising the kinetic terms and
the interaction potential together with the coupling of
the scalar field to matter can be reconstructed from the
knowledge of the scalar field mass m(a) and the coupling
strength β(a) as functions of time when the field sits at
the minimum of the density dependent effective poten-
tial.
This mechanism relies on the fact that the scalar field
must track that minimum since before BBN in order to
preserve the constancy of particle masses at this epoch.
In this section, we recall the setting of scalar field models
and analyse their background evolution.
A. Modifying Gravity with a Scalar Field
The action governing the dynamics of a scalar field φ
in a scalar-tensor theory is of the general form
S =
∫
d4x
√−g
{
m2Pl
2
R− 1
2
(∇φ)2 − V (φ)
}
+
∫
d4x
√
−g˜Lm(ψ(i)m , g˜µν), (1)
where g is the determinant of the metric gµν , R is the
Ricci scalar and ψ
(i)
m are various matter fields labelled by
i. A key ingredient of the model is the conformal coupling
of φ with matter particles. More precisely, the excitations
of each matter field ψ
(i)
m couple to a metric g˜µν which is
related to the Einstein-frame metric gµν by the conformal
rescaling
g˜µν = A
2(φ)gµν . (2)
The metric g˜µν is the Jordan frame metric. We will anal-
yse these models in the Einstein frame and come back to
the Jordan frame picture later.
The fact that the scalar field couples to matter implies
that the scalar field equation becomes density dependent.
More precisely, the scalar field equation of motion (EOM)
is modified due to the coupling of the scalar field φ to
matter:
φ = −βT + dV
dφ
, (3)
where T is the trace of the energy momentum tensor T µν ,
 ≡ ∇µ∇µ and the coupling of φ to matter is defined by
β(φ) ≡ mPld lnA
dφ
. (4)
This is equivalent to the usual scalar field EOM with the
effective potential
Veff(φ) = V (φ) − [A(φ) − 1]T. (5)
The role of this effective potential Veff(φ) is crucial in all
the modified gravity models we will consider. In essence,
3the effective potential is required to possess a unique mat-
ter dependent minimum in the presence of pressure-less
matter where T = −ρm. The resulting potential
Veff(φ) = V (φ) + [A(φ) − 1]ρm (6)
has a minimum φmin(ρm). The mass of the scalar field at
the minimum
m2 =
d2Veff
dφ2
∣∣
φmin
(7)
must be positive. In many cases (such as the generalised
chameleon and dilaton models discussed below) V (φ) is
a decreasing function and β(φ) is an increasing function
as φ, though this is not the case for the generalised sym-
metron model1. This guarantees that the effective poten-
tial always has a minimum. In a cosmological setting we
will also impose that m2 ≫ H2 with H being the Hubble
expansion rate. It can be shown easily that, depending on
the shapes of V (φ) and β(φ), the chameleon, f(R), dila-
ton and symmetron models are all described in a such a
way.
When matter is described by a pressure-less fluid with
T µν = ρmu
µuν (8)
and uµ ≡ dxµ/dτ where τ is the proper time, the matter
density ρm is conserved
ρ˙m + θρm = 0 (9)
where θ ≡ ∇µuµ and the trajectories are determined by
the modified geodesics
u˙µ + β
φ˙
mPl
uµ = −β ∂
µφ
mPl
. (10)
In the weak-field limit with
ds2 = −(1 + 2ΦN )dt2 + (1− 2ΦN )dxidxi, (11)
and in the non-relativistic case, this reduces to the mod-
ified geodesic equation for matter particles
d2xi
dt2
= −∂i (ΦN + lnA(φ)) . (12)
This can be interpreted as the motion of a particle in the
effective gravitational potential defined as
Ψ = ΦN + lnA(φ), (13)
and is clearly a manifestation of the dynamics of modified
gravity.
1 For the generalised symmetron models, the potential is not mono-
tonic but has the shape of a Mexican hat. However, in the part
of the potential which will be of interest here, it is monotonically
decreasing.
When a particle of mass M in a homogeneous back-
ground matter density is the source of gravity, the scalar
field satisfies
(∇2 +m2)φ = β M
mPl
δ(3)(r), (14)
in which δ(3)(r) is the 3-dimensional Dirac δ-function and
m the scalar field mass in the background, implying that
Ψ = − (1 + 2β2e−mr) GNM
r
, (15)
where GN = (8π)
−1m−2Pl is the Newton constant. When
β ∼ O(1) and m−1 ≫ r, this implies a substantial de-
viation from Newton’s law. For bodies much bigger than
a point particle following the modified geodesics, non-
linear effects imply that the effective coupling felt by the
body is much smaller than β or the mass becomes much
larger than the inverse of the typical size of the body
(m−1 ≪ r). This is what happens in the chameleon model
and f(R) gravity (the latter) and the dilaton and sym-
metron models (the former), and guarantees that solar
system and laboratory tests of gravity are evaded.
B. Screening of Modified Gravity
In this section, we shall unify the description for the
screening2 mechanisms [4, 5] involved in the chameleon,
f(R) gravity, dilaton and symmetron models. As we shall
see, the screening of large and dense bodies can be ex-
pressed with a single criterion generalising the thin-shell
condition for the chameleon models. The constraints we
find are typically stated in terms of the scalar field mass
m0 in the cosmological background today and the cur-
rent Hubble scale H0, making ξ ≡ H0/m0 a key quantity.
Physically, ξ represents the range of the scalar fifth-force
to the Hubble radius and a particular value that will be
recurrent is m0/H0 ∼ 103 or ξ ∼ 10−3. This value means
that the scalar field leaves its mark up to scales of the
order of mega parsec, which again signals the transition
where the modifications of gravity can be seen on linear
perturbations or not.
1. Chameleons
The chameleon models (at least in their original form
[9], see [10, 12–14] for other proposals) are characterised
by a runaway potential and a nearly constant coupling
β. Chameleons are screened deep inside a massive body,
2 To be clear, the ’screening’ of a body refers to the fact that the
deviation from Newtonian gravity, i.e., the fifth force exerted
by this body on a nearby test mass, is suppressed to evade local
constraints – in analogy to the screening of the electric force from
a charged particle.
4where the field settles at the minimum φc of Veff(φ) and
stays constant up until a radius Rs close to the radius of
the body, R. In this case, the field profile is given by
φ = φc, R ≤ Rs (16)
The field varies sharply inside a thin shell according to
1
r2
d
dr
[
r2
dφ
dr
]
= β
ρm
mPl
, Rs ≤ r ≤ R (17)
and decays outside
φ = φ∞ − β
4πmPl
[
1− R
3
s
R3
]
M
r
e−m∞(r−R)
r
(18)
where φ∞ is the minimum of the effective potential out-
side the body and m∞,M are respectively the masses
of the scalar field and the body. At short distance com-
pared to the large range m−1∞ , the effective gravitational
potential is
Ψ = β
φ∞
mPl
+
GNM
r
[
1 + 2β2
(
1− R
3
s
R3
)]
. (19)
Gravity is strongly modified by a factor (1+2β2) if there
is no shell inside the body (i.e., Rs = 0) and one retrieves
GR when Rs is close to R where
∆R
R
=
|φ∞ − φc|
6βmPlΦN
, (20)
with ∆R ≡ R−Rs and ΦN ≡ GNM/R is the Newtonian
potential at the surface of the body. The mass is screened
when
|φ∞ − φc| ≪ 2βmPlΦN , (21)
which is also the criterion to have a thin shell.
More precisely, this implies several very stringent ex-
perimental constraints on the chameleon models. The
first one comes from the Lunar Ranging experiment [49]
which measures the acceleration difference between the
Earth and the Moon in the gravitational field of the Sun
η =
2(aearth − amoon)
aearth + amoon
. 10−13. (22)
For the chameleon model we have [9]
η ≈ β2
(
∆R⊕
R⊕
)2
, (23)
implying that
β
∆R⊕
R⊕
. 10−7. (24)
The Cassini experiment [50] imposes that the modifica-
tion of the unscreened Cassini satellite in the vicinity of
the sun should be such that
β2
∆R⊙
R⊙
. 10−5. (25)
Another type of constraint comes from cavity experi-
ments where two small test bodies interact in a vacuum
cavity [51]. This implies that
β
∆Rcav
Rcav
. 10−3. (26)
Finally, a loose bound must be imposed to guarantee that
galaxies are not far off from being Newtonian [52]
β
∆Rgal
Rgal
. 1, (27)
otherwise the modifications of gravity would have been
seen by now in observations of galaxy clusters. These
constraints strongly restrict the parameter space of the
chameleon models.
2. Symmetrons
Symmetrons [17–21] are models with a mexican hat
potential, a local maximum at the origin and two global
minima at ±φ⋆ like for example
V (φ) = V0 + µ
2φ2⋆
[
−1
2
(
φ
φ⋆
)2
+
1
4
(
φ
φ⋆
)4]
. (28)
In general the term (φ/φ⋆)
4 can be replaced by any even
function which is bounded below, without changing the
qualitative properties of the model.
Meanwhile, the coupling behaves like
A(φ) = 1 +
A2
2
φ2, (29)
close to φ = 0.
Let us consider a spherically dense body that is embed-
ded in a homogeneous background. Inside this body the
matter density ρm is constant and the scalar field profile
is
φ = C
sinhmcr
r
, r < R, (30)
where the scalar field mass is given by m2 = A2ρm − µ2
and −µ2 is the negative curvature of the potential V (φ)
at the origin. The field outside the body, on scales shorter
than the large range m−1∞ associated to the scalar field
value φ∞ which minimises Veff(φ) outside, is
φ = φ∞ +
D
r
, r > R, (31)
where
C =
φ∞
mc coshmcR
,
D =
sinhmcR−mcR coshmcR
mc coshmcR
φ∞. (32)
5If the body is dense enough, we have m2c ≈ A2ρm and
mcR ≫ 1, implying that D ≈ −Rφ∞. Identifying the
coupling to matter β∞ = mPlA2φ∞, we find that the
modified Newtonian potential outside the body is
Ψ = −GNM
r
[
1 +
A2φ
2
∞
ΦN
]
+O(R
2
r2
)
= −GNM
r
[
1 +
β2∞
A2m2PlΦN
]
+O(R
2
r2
). (33)
for r sufficiently large compared to R. For R≪ r ≪ m−1∞
the fifth-force is screened provided
2A2m
2
PlΦN ≫ 1, (34)
which is equivalent to
|φ∞ − φc| ≪ 2mPlβ∞ΦN , (35)
where φc = 0. Note that this is the same screening crite-
rion as in the chameleon case.
The screening in the symmetron model depends on A2,
ΦN and the environment through the environmental field
value φ∞. Two test masses which are not screened when
put in vacuum will be screened by a factor (φ∞/φ⋆)
2 if
they are in a region of high matter density (which implies
φ∞ ≪ φ⋆).
The transition of the minimum of Veff(φ) from φ = 0
to φ = φ⋆ in the cosmological background happens in the
recent past of the Universe provided
µ2 ∼ A2ρm0, (36)
where ρm0 is the present matter density. For a polynomial
potential V (φ), the mass-squaredm2⋆ at the minimum φ⋆
is of order µ2, implying that the mass of symmetrons in
the present cosmological background satisfies
m20 ∼ A2m2PlH20 , (37)
One may see effects of modified gravity on astrophysical
scales when m0/H0 . 10
3 which implies that A2m
2
Pl .
106.
Using the screening criterion we find that the Sun and
the Milky Way with Φ⊙ ∼ 10−6 are marginally screened
whereas the Earth with Φ⊕ ∼ 10−9 and the Moon with
Φmoon ∼ 10−11 are not screened. However, for the solar
system tests such as the Lunar Ranging experiment3 and
the Cassini satellite, what is more relevant is the value of
the symmetron field φgal in the Milky Way, which deter-
mines the strength β(φgal) of the modification of gravity.
This imposes
A2φ
2
gal
Φ⊙
. 10−5. (38)
3 The Nordtvedt effect leads to a weak bound [17].
For a generic symmetron potential we have4 φ2gal ∼ ρ∞ρgalφ2⋆
where φ⋆ is the minimum of Veff(φ) in the cosmological
background with matter density ρ∞. Using
ρ∞
ρgal
∼ 10−6,
this leads to
10−6β2⋆
1
2A2m2PlΦ⊙
∼ 10
−6
Φ⊙
H20
m20
. 10−5 (39)
which is easily satisfied for m0/H0 ∼ 103. Finally, in
cavity experiments, the field φ inside the cavity is almost
identical to the field in the bore, i.e., φ ∼ 0, implying no
deviation from usual gravity in such experiments.
3. Dilaton
Dilatonic theories [6, 7] are very similar to symmetrons
in as much as they share the same type of coupling func-
tion,
A(φ) = 1 +
A2
2
(φ− φ⋆)2, (40)
but they differ as the dilaton potential V (φ) is a mono-
tonically decreasing function of φ. All the dynamics can
be analysed in the vicinity of φ⋆ as the minimum of the
effective potential is close to φ⋆ for large enough A2.
The density dependent minimum of Veff(φ) is given by
φmin(ρm)− φ⋆ = −V
′(φ⋆)
A2ρm
, (41)
with the mass given by
m2 = m2⋆ +A2ρm, (42)
where m⋆ = m(φ⋆) and the potential is chosen to be a
quintessence potential such that m2⋆ ∼ H20 .
Let us consider a spherically dense body. Inside the
body we have
φ = φc + C
sinhmcr
r
, r < R, (43)
and outside
φ = φ∞ +
D
r
, (44)
for distances shorter than the range m−1∞ . When mcR≫
1, we find that
D ≈ −R(φ∞ − φc), (45)
and the effective Newtonian potential is
Ψ = −GNM
r
[
1 +
A2(φ∞ − φc)(φ∞ − φ⋆)
ΦN
]
+O(R
2
r2
),
(46)
4 See Eq. (19) in [17] for a more accurate expression.
6for R≪ r ≪ m−1∞ . Outside the body we have
φ∞ − φ⋆ = β∞
A2mPl
(47)
with β∞ = β(φ∞) and therefore
V ′(φ⋆) = −β∞ ρ∞
mPl
, (48)
from which we deduce that
φ∞ − φc = β∞
A2mPl
(
1− ρ∞
ρc
)
, (49)
and finally
Ψ = −GNM
r
[
1 +
β2∞
A2m2PlΦN
(
1− ρ∞
ρc
)]
+O(R
2
r2
).
(50)
for R ≪ r ≪ m−1∞ . The screening criterion is (almost)
the same as in the symmetron case
2A2m
2
PlΦN ≫
(
1− ρ∞
ρc
)
, (51)
or equivalently
|φ∞ − φc| ≪ 2β(φ∞)mPlΦN , (52)
which is the same as in the chameleon and dilaton cases.
The mass of the dilaton today in the cosmological back-
ground is
m20 ≈ A2ρm0 = 3A2m2PlΩm0H20 , (53)
in which Ωm0 is the present value of the fractional energy
density of matter Ωm, implying that A2m
2
Pl ∼ 106 for
models with m0/H0 ∼ 103.
As in the symmetron case, this implies that both the
sun and the Milky Way are marginally screened when
surrounded by the cosmological vacuum. But given that
what matters for the magnitude of modified gravity is the
dilaton value φ∞ = φgal in the Milky Way, the Cassini
bound can be written as
A2(φgal − φc)(φgal − φ⋆)
ΦN
. 10−5, (54)
which leads to
1
A2m2PlΦ⊙
ρ∞
ρgal
. 10−5. (55)
Using ρ∞ρgal ∼ 10−6, we see that the Cassini bound is sat-
isfied for dilatons.
4. The Screening Criterion
We have seen that all the models of the chameleon,
dilaton and symmetron types lead to a screening mecha-
nism provided that
|φ∞ − φc| ≪ 2β(φ∞)mPlΦN , (56)
where φc is the value inside the body assumed to be at
the minimum of the effective potential, φ∞ the minimum
value outside the body and ΦN is Newton’s potential at
the surface of the body. This is a universal criterion which
is independent of the details of the model. In fact, it de-
pends only on the values of the scalar field which min-
imises the effective potential Veff(φ) inside and outside
the body. If this criterion is satisfied, then the value in-
side the body does not deviate much from the minimum
value there.
Phenomenologically, we have just recalled that strin-
gent local constraints on modified gravity can be ex-
pressed in terms of the screening condition. In the fol-
lowing we shall assume that the Milky Way satisfies the
screening criterion. When this is the case, local tests of
gravity in the solar system and in the laboratory can be
easily analysed as φgal can be determined analytically.
In the chameleon, dilaton and symmetron cases, this al-
lows one to determine bounds on the ratio m0/H0 which
essentially dictates if modified gravity has effects on as-
trophysical scales. The screening condition for the Milky
Way may be relaxed slightly for some model parameters
because it is itself in a cluster with higher density than
the background. In this case, full numerical simulations
are required to determine φgal and see if local tests of
gravity are satisfied. This may enlarge the allowed pa-
rameter space of the models slightly and lead to inter-
esting effects. Numerical simulations are left for future
work.
One of the advantages of the screening condition is that
it only depends on the minimum values of the scalar field
in different matter densities. In the following section, we
will find an explicit formula for φc − φ∞ which depends
only on the time variation of the mass m(a) and coupling
β(a) in a cosmological background. This may seem sur-
prising as the behaviour of the scalar field may appear
to be loosely connected to the scalar field dynamics in
a static environment. In fact, the relation between both
regimes of modified gravity, cosmological and static, fol-
lows from the fact that the scalar field sits at the mini-
mum of its effective potential Veff(φ) since before BBN.
As it evolves from BBN through the dark ages and then
the present epoch, the cosmological values of the scalar
field experience all the possible minima of Veff(φ). Hence
realising a tomography of the cosmological behaviour of
the scalar field, i.e., just knowing its mass and coupling
to matter as a function of time since before BBN, will
allow us to analyse the gravitational properties of the
models.
5. The Reason for a Universal Screening Condition
As we have seen in the examples above, we get the
same screening condition for all known models. Below
we argue why this is the case for a whole range of models
satisfying only some simple assumptions.
We start with the most general model for the behaviour
7of the scalar field in matter
∇2φ = Veff,φ = V,φ + β(φ)ρm
mPl
(57)
and we will analyse the standard setup – a spherical body
of density ρc and radius R embedded in a background of
density ρ∞ – under the following assumptions:
1. The effective potential has a matter dependent min-
imum φ(ρ).
2. For any (physical) solution to the field equation,
the mass of the field at r = 0, mS = m(φS , ρc), is
a positive monotonically increasing function of the
density ρc and satisfies
5 limρc→∞m(φS(ρc), ρc) =
∞.
3. Outside the body, where ρ∞ ≪ ρc, and within
the Compton wavelength of the field m−1∞ the solu-
tion to the field equation is well approximated by
φ = φ∞ +
D
r . This means that a first order Taylor
expansion around φ∞ holds outside the body.
Now we can look at the solutions to the field equation
under the previous assumptions. The field starts out at
some field-value φ = φS inside the body, and close to
r = 0 the solution can therefore be written
φ = φS +B
(
sinh(mSr)
mSr
− 1
)
(58)
for some constant B. We can for our purposes, without
loss of generality, assume that B > 0. Because of our
assumption on mS, for a large enough ρc the field must
start off very close to the minimum φ = φc inside the
body where the driving force Veff,φ vanishes. Otherwise
the solution (∼ emSr/r) grows too fast inside the body
and overshoots the exterior solution. For a sufficiently
large ρc the field stays close to φc almost all the way to
6
r = R. It follows from a second order Taylor expansion
around φS that this is guaranteed to be the case as long
as
Veff,φφφ(φS , ρc)(φ∞ − φS)
Veff,φφ(φS , ρc)mSR
≪ 1. (59)
When all these conditions are satisfied, there exists of a
critical solution in the limit ρc →∞ which reads
φ = φc r < R, (60)
φ = φ∞ +
(φc − φ∞)R
r
r > R, (61)
5 As ρc → ∞ we have φS → φc; the minimum for the matter
density ρc. The reason we explicitly write the limit here in-
stead of taking φS = φc directly is to account for models where
limφ→φc Veff,φφ = 0, but where limρc→∞ Veff,φφ(φS(ρc), ρc) =
∞ as can be the case for generalised symmetron models as we
shall see later on. Loosely speaking we can state this condition
as: the mass at the minimum inside the body is increasing with
ρc.
6 For chameleons the solution only grows in a thin-shell close to
the surface, but for large enough densities the field hardly moves
at all.
which, apart from the numerical value of φ∞ and φc,
is completely model independent. This critical solution
and its implications, for the case of power-law chameleon
theories, was discussed in [9]. Another regime which
can be described by exact solutions without having to
solve model dependent equations is realised when φ∞ ≫
β∞mPlΦN . In this regime the theory is effectively linear
and the solution reads
φ = φ∞ +
β∞ρcR
2
6mPl
(
r2
R2
− 3
)
r < R, (62)
φ = φ∞ − β∞ρcR
3
3mPlr
r > R, (63)
where β∞ = β(φ∞). This is the same type of solution as
found in Newtonian gravity and the fifth-force-to-gravity
ratio on a test mass outside the body is
Fφ
FG
= 2β2∞, (64)
while for the critical solution we find
Fφ
FG
= 2β2∞
( |φ∞ − φc|
2β∞mPlΦN
)
. (65)
Comparing the two cases we see that the critical solution
corresponds to a screened fifth-force given that
|φ∞ − φc| ≪ 2β∞mPlΦN , (66)
which is exactly the screening condition we have found
for chameleons, symmetrons and dilatons by solving the
field equation explicitly. It is easy to show that the as-
sumptions we started with do hold for these models. The
critical solution, which formally only holds in the limit
ρc → ∞, will be a good approximation for the case of
finite ρc as long as the screening condition holds by a
good margin. As current local gravity experiments give
very tight constraints, if one wants to have cosmological
signatures i.e. β∞ = O(1), then this will be true in most
cases.
For the case where |φ∞ − φc| ∼ 2mPlβ∞ΦN we would
have to solve the model dependent equation to get accu-
rate solutions. These solutions will interpolate between
the two regimes found above, see e.g. [57] for a thorough
derivation of chameleon equations in all possible regimes.
C. Cosmological Scalar Field Dynamics
Here we consider the cosmological evolution of the
scalar field φ in modified gravity models with a mini-
mum of Veff(φ) at which the scalar field mass m satisfies
m2 ≫ H2. The cosmology of the scalar field is tightly
constrained by BBN physics due to the coupling of the
scalar field to matter particles. The fact that the scalar
field evolves along the minimum of Veff(φ) implies that
the masses of fundamental particles
mψ = A(φ)mbare, (67)
8in which mbare is the bare mass appearing in the matter
Lagrangian, evolve too. In practice, tight constraints on
the time variation of masses since the time of BBN
∆mψ
mψ
= β
∆φ
mPl
, (68)
where ∆φ is the total variation of the field since BBN,
impose that ∆mψ/mψ must be less than ∼ 10%. At a
redshift of order ze ≈ 109, electrons decouple and give a
”kick” [10] to the scalar field which would lead to a large
violation of the BBN bound. To avoid this, the field must
be close to the minimum of Veff(φ) before ze and simply
follow the time evolution of the minimum given by
dV
dφ
∣∣
φmin
= −β ρm
mPl
. (69)
Moreover, the total excursion of the scalar field following
the minimum must be small enough. In practice, we will
always assume that |φ/mPl| ≪ 1 along the minimum
trajectory, implying that the BBN bound for the time
dependent minimum is always satisfied. The models are
then valid provided the electron ”kick” does not perturb
the minimum too much. We analyse this now.
The background evolution of the scalar field is gov-
erned by the homogeneous scalar field equation
φ¨+ 3Hφ˙+
dVeff
dφ
= 0. (70)
We assume that the contribution of the scalar field to the
Hubble rate in the Friedmann equation is negligible until
the acceleration of the Universe sets in
H2 =
ρrad + ρm + ρφ
3m2Pl
, (71)
where
ρφ =
1
2
φ˙2 + [A(φ) − 1]ρm + V (φ). (72)
The models that we consider here have a dynamical min-
imum located at φmin(t) such that
dVeff
dφ
∣∣
φmin
= 0. (73)
Defining δφ ≡ φ−φmin, we have for linear perturbations
around the minimum
δ¨φ+ 3Hδ˙φ+m2δφ = F, (74)
where
F = − 1
a3
d
dt
[
a3
dφmin
dt
]
. (75)
Using the minimum equation, we find that
φ˙min =
3H
m2
βA
ρm
mPl
, (76)
and the forcing term is then
F = −3ρm0a
−3
mPl
d
dt
[
AβH
m2
]
. (77)
We must also take into account the ”kicks” that the
field receives every time a relativistic species decouples.
These ”kicks” correspond to the abrupt variation of the
trace of the energy momentum tensor of a decoupling
species at the transition between the relativistic and non-
relativistic regimes. The abrupt change of T µµ for the de-
coupling species happens on a time scale much smaller
than one Hubble time and can be modelled out using an
”instantaneous kick” approximation [10] where the con-
tribution to the scalar field equation is a δ-function. For
kicks at the decoupling times tj , the source term becomes
F = − 3ρ0
mPla3
d
dt
[
AβH
m2
]
−Aβ
∑
j
κjHjmPlδ(t− tj),
(78)
where κj ≈ gi/g⋆(mj) . 1 depends on the number of
relativistic species g⋆(mj) at time tj and the number of
degrees of freedom of the decoupling species gj.
Let us now go through the different cosmological eras.
During inflation, the Hubble rate is nearly constant and
the field is nearly constant7. Indeed, the trace of the en-
ergy momentum tensor is
T ≈ −12H2m2Pl, (79)
in which ρm = −pm = 3H2m2Pl is nearly constant in the
slow roll approximation. As a result, the source term in
the perturbed scalar field equation vanishes, and averag-
ing over the oscillations with the fast period 1/m≪ 1/H
we have
〈δφ2〉 ∝ a−3, (80)
implying that the field reaches the minimum of the effec-
tive potential very rapidly during inflation.
Assuming that reheating is instantaneous and that the
field is not displaced during reheating, the field starts
in the radiation era at the minimum of the effective po-
tential during inflation. As the minimum has moved to
larger values, the field rolls down towards the new mini-
mum, overshooting and then stopping at a value
φovershoot ≈ φinflation +
√
6ΩiφmPl, (81)
depending on the initial density fraction Ωiφ in the scalar
field [10]. After this the field is in an undershoot situation
where the field is essentially moved according to the kicks
φ¨+ 3Hφ˙ = −Aβ
∑
j
κjHjmPlδ (t− tj) . (82)
7 Note the parameterisation m(a) = m0a−r to be introduced be-
low only applies when the scalar field is sourced by the pressure-
less matter, and does not apply to the inflationary era, in which
φ remains nearly constant simply because the density of the in-
flaton does so.
9Each kick brings the field to smaller values, with a vari-
ation
∆φj = −βjAjκjmPl, (83)
in the radiation era [10]. Although the details depend on
the kicks and the initial energy density of the field, we
can assume that after all the kicks before BBN, the field
is close to the minimum of Veff(φ). We will assume that
this is the case by zini ≈ 1010 where the matter density
is equivalent to the one in dense bodies on Earth today.
If this were not the case then the field would move by
∆φe = −βeAeκemPl, (84)
when the electron decouples during BBN, and the masses
of particles would vary too much during BBN. Note that
for the rest of this subsection a subscript e will be used to
denote the value of a quantity at the electron decoupling.
Hence viable models must be such that the scalar field
remains in the neighbourhood of the minimum since well
before BBN. In this case, the deviation of the field from
the minimum can be easily obtained from
δ¨φ+ 3Hδ˙φ+m2δφ = −3ρm0a
−3
mPl
d
dt
[
AβH
m2
]
−AeβeκeHemPlδ (t− te) ,(85)
where we only take into account the electron kick. Defin-
ing δφ = a−3/2ψ, we find that
ψ¨ +
[
m2 +
9w
4
H2
]
ψ = −3ρm0a
−3/2
mPl
d
dt
[
AβH
m2
]
(86)
−AeβeκeHea3/2e mPlδ (t− te) .
As m2 ≫ H2, the solution is obtained using the WKB
approximation and reads
δφ
mPl
= −9Ωm0H
2
0
a3m2
d
dt
[
AβH
m2
]
(87)
−Θ(t− te)Aeβeκe He√
mem
a
3/2
e
a3/2
sin
∫ t
te
m(t′)dt′,
in which the second term is only present when t > te, Θ
being the Heaviside function. We will always assume that
β and m vary over cosmological times, hence we have
d
dt
[
AβH
m2
]
= g(t)
AβH2
m2
, (88)
in which g(t) is a slowly-varying function of time whose
value is of order unity. Averaging over the rapid oscilla-
tions, we have
〈δφ2〉
m2Pl
=
81Ω2m0g
2A2β2
a6
H40
m40
m40
m4
H4
m4
+
A2eβ
2
eκ
2
e
2
a3e
a3
H2e
m2e
me
m
. (89)
The first terms is of order β20H
8
0/m
8
0 ≪ 1 now, implying
that it has a negligible influence on the particle masses.
This guarantees that the minimum is indeed a solution
of the equations of motion. The second term corresponds
to the response of the scalar field to a kick. It is initially
very small as suppressed by H2e /m
2
e ≪ 1, implying a tiny
variation of the fermion masses during BBN. Its influence
increases with time as 1/ma3 and we must impose that
this never compensates the fact that H2e /m
2
e is extremely
small.
Consider an interesting example with m(a) = m0a
−r
which will reappear later. In such a case the second term
in the above equation can be rewritten as
A2eβ
2
eκ
2
e
2
a3e
a3
H2e
m2e
me
m
∼ H
2
0
m20
Ωr0
Ωm0
ar−1e a
r−3, (90)
where we have assumed A2eβ
2
eκ
2
e ∼ O(1) and Ωr0 ≪ Ωm0
is the fractional energy density for radiation (photons and
massless neutrinos) at present. From this formula we can
easily see that
1. when r < 3 the minimum of Veff given by the min-
imum equation is an attractor, because the magni-
tude of the oscillation decreases in time;
2. assuming that H0 ∼ 10−3m0 (see below) and
Ωm0 ∼ 103Ωr0, then today we have 〈δφ2〉/m2Pl ∼
10−9ar−1e which is of order one if r = 0. Clearly, for
r . 2 the amplitude of oscillation can be too big
(
√
〈δφ2〉 ≫ φmin) at early times;
3. if r ≥ 3 which is the case for f(R) gravity models in
which f(R) ∼ R + R0 − R1(R⋆/R)n,
√
〈δφ2〉/mPl
increases with time but never becomes significantly
large. For example, if r = 3 then
√
〈δφ2〉/mPl ∼
10−15 today, which means that, although the mini-
mum of Veff(φ) is not strictly speaking an attractor,
it is extremely stable to kicks and governs the back-
ground dynamics of the model.
D. The Equation of State
We have described how the cosmological constraint
from BBN imposes that the scalar field must be at the
minimum of the effective potential since BBN. As such
the minimum of the effective potential acts as a slowly
varying cosmological constant. We have also seen that
when m2 ≫ H2, a large class of models are such that
the minimum is stable. In this case, the dynamics are
completely determined by the minimum equation
dV
dφ
∣∣
φmin
= −βA ρm
mPl
. (91)
In fact, the knowledge of the time evolution of the mass
m and the coupling β is enough to determine the time
evolution of the field. Indeed, the mass at the minimum
of Veff ,
m2 ≡ d
2Veff(φ)
dφ2
∣∣
φmin
, (92)
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and the minimum relation leads to
V ′′ ≡ d
2V
dφ2
= m2(a)− β2A(φ) ρm
m2Pl
− dβ
dφ
A(φ)
ρm
mPl
, (93)
where the couplings to matter β can be field dependent.
Using the minimum equation, we deduce that the field
evolves according to
dφ
dt
=
3H
m2
βA
ρm
mPl
. (94)
This is the time evolution of the scalar field at the back-
ground level since the instant when the field starts being
at the minimum of the effective potential. In particular,
we have
1
2
(
dφ
dt
)2
=
27
2
Ωmβ
2A2
(
H
m
)4
ρm (95)
which is tiny compared to ρm.
Because of the interaction between the scalar field and
matter, the energy momentum tensor of the scalar field
is not conserved. Only the total energy momentum
ρ˙tot = −3H(ρtot + ptot) (96)
is conserved, where the total energy density is
ρtot ≡ ρm + ρφ (97)
with
ρφ =
φ˙2
2
+ Veff(φ), (98)
ptot ≡ pφ = φ˙
2
2
− V (φ), (99)
and where we have neglected the radiation component
in the matter era. It is crucial to notice that the energy
density of the scalar field involves the effective potential
Veff while the pressure only involves V . This is a crucial
feature of scalar-tensor theories.
We can define the effective equation of state of the dark
energy fluid as
wφ =
pφ
ρφ
. (100)
Using the Friedmann equation we find the Raychaudhuri
equation involving the effective equation of state wφ as
a¨
a
= − 1
6m2Pl
[ρm + (1 + 3wφ)ρφ]
≡ − 1
6m2Pl
(1 + 3wtot)ρtot (101)
where we have defined the total equation of state
wtot =
ptot
ρtot
. (102)
The universe is accelerating provided a¨ ≥ 0 which leads
to
wtot ≤ −1
3
(103)
as expected, which is equivalent to
wφ ≤ −1
3
(
1 +
ρm
ρφ
)
. (104)
The situation of the modified gravity models can be easily
analysed as
wφ + 1 =
φ˙2 + (A− 1)ρm
φ˙2
2 + V (φ) + (A− 1)ρm
. (105)
which can approximated as
wφ + 1 ≈ φ˙
2
V (φ)
+ (A− 1)Ωm
Ωφ
(106)
The first term corresponds to the usual quintessence con-
tribution and the second term can be approximated as:
βφ
mPl
Ωm
Ωφ
∼ − βmPl
V,φ
V,φφ
Ωm
Ωφ
= 3β2Ωm
H2
m2
Ωm
Ωφ
. This implies
that
wφ + 1 ≈ (A− 1)Ωm
Ωφ
≈ 3Ωmβ2
(
H
m
)2
Ωm
Ωφ
. (107)
In the recent past of the Universe where Ωm and Ωφ are of
the same order of magnitude, this implies that the back-
ground scalar field acts as a cosmological constant due
to the large H2/m2 suppression. In the past, the back-
ground cosmology deviates from a ΛCDM model only if
Ωφ becomes so small that it compensates m
2/H2. We
will not consider this situation in the following.
III. MODIFIED GRAVITY TOMOGRAPHY
A. Reconstruction of the Dynamics
We have seen that whenm2 ≫ H2 a large class of mod-
els are such that the minimum of the effective potential
is stable or quasi-stable, and in these cases the dynamics
are completely determined by the minimum equation
dV
dφ
∣∣
φmin
= −βA ρm
mPl
. (108)
In fact, the knowledge of the time evolution of the mass
m and the coupling β is enough to determine the bare po-
tential V (φ) and the coupling function A(φ) completely.
To see this, integrating Eq. (94) once, we find
φ(a) =
3
mPl
∫ a
aini
β(a)
am2(a)
ρm(a)da+ φc, (109)
where φc is the initial value of the scalar field at aini <
aBBN and we have taken A(φ) ≈ 1 as the temporal varia-
tion of fermion masses must be very weak. If the coupling
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β is expressed in terms of the field φ and not the scale
factor a, this is also equivalent to∫ φ
φc
dφ
β(φ)
=
3
mPl
∫ a
aini
1
am2(a)
ρm(a)da. (110)
Similarly the minimum equation implies that the poten-
tial can be reconstructed as a function of time
V = V0 − 3
m2Pl
∫ a
aini
β2(a)
am2(a)
ρ2m(a)da, (111)
where V0 is the initial value of the potential at a = aini.
This defines the bare scalar field potential V (φ) para-
metrically when β(a) and m(a) are given. Hence we have
found that the full non-linear dynamics of the theory can
be recovered from the knowledge of the time evolutions
of the mass and the coupling to matter since before BBN.
B. Tomography
The previous reconstruction mapping gives a one-to-
one correspondence between the scale factor a and the
value of the field φ(a) in the cosmic background. As the
scale factor is in a one-to-one correspondence with the
matter energy density ρm(a), we have obtained a map-
ping ρm → φ(ρm) defined using the time evolution of
m(a) and β(a) only. Given these evolutions, one can re-
construct the dynamics of the scalar field for densities
ranging from cosmological to solar system values using
Eq. (109) and Eq. (111). By the same token, the inter-
action potential can be reconstructed for all values of φ
(and ρm) of interest, from the solar system and Earth
to the cosmological background now: a tomography of
modified gravity.
In particular, we can now state the screening condition
of modified gravity models as∫ aout
ain
β(a)
am2(a)
ρm(a)da≪ βoutm2PlΦN , (112)
with constant matter densities ρin,out = ρm(a = ain,out)
inside and outside the body respectively, and where we
have defined βout ≡ β(a = aout). It is remarkable that the
gravitational properties of the screened models are cap-
tured by the cosmological mass and coupling functions
only.
C. Dilatons
Let us consider a first example: the dilaton models in
which the coupling function β(φ) vanishes for a certain
value φ⋆ of the scalar field φ. On the other hand, we
assume that the potential is positive definite and is of
runaway type. It is enough to study the dynamics in the
vicinity of the field φ∗, where
β(φ) ≈ A2mPl(φ− φ⋆), (113)
from which we deduce that
ln
∣∣∣∣ φ− φ⋆φc − φ⋆
∣∣∣∣ = 9A2m2PlΩm0H20
∫ a
aini
da
a4m2(a)
, (114)
and therefore
|β(φ)| = |β(φc)| exp
[
9A2m
2
PlΩm0H
2
0
∫ a
aini
da
a4m2(a)
]
.
(115)
In particular, we find the relation between the coupling
at the initial time and other cosmological times.
The initial coupling (taken at aini < aBBN) is the same
as in dense matter on Earth, as long as the field minimises
its effective potential in a dense environment, and it is
related to the cosmological value of β today, β(φ0), by
|β(φ0)| = |β(φc)| exp
[
9A2m
2
PlΩm0H
2
0
∫ 1
aini
da
a4m2(a)
]
.
(116)
It is possible to have a very small coupling in dense mat-
ter |β(φc)| ≪ 1 for any value of the coupling on cosmo-
logical scales |β(φ0)| provided that A2 > 0 and that the
time variation of m(a) is slow and does not compensate
the 1/a4 divergence in the integrand. In this situation,
the coupling function β converges exponentially fast to-
wards zero: this is the Damour-Polyakov mechanism [8].
The fact that A2 > 0 guarantees that the minimum of
the coupling function is stable and becomes the minimum
of the effective potential which attracts the scalar field in
the long time regime. If A2 < 0, the effect of the coupling
is destabilising and implies that φ diverges exponentially
fast away from φ⋆.
Alternatively, a smooth variation of the coupling func-
tion to matter in the cosmological background and there-
fore interesting consequences for the large-scale structure
can be achieved when the evolution of the mass of the
scalar field compensates the 1/a4 factor in the radiation
era and evolves in the matter era. This is obtained for
models with
m2(a) = 3A2H
2(a)m2Pl. (117)
Indeed, H(a) ∼ a−2 in the radiation era, which implies
that the time variation of β between BBN and matter-
radiation equality is
β(φ) = β(φc) exp
[
3
Ωm0
Ωr0
(a− aini)
]
, (118)
and in the matter dominated era
β(φ) = β (φeq)
(
a
aeq
)3
= β(φeq)
ρm (aeq)
ρm(a)
, (119)
where a subscript eq denotes the value of a quantity at
the matter-radiation equality. This is the behaviour of the
dilaton models we have already analysed gravitationally
in § IIB2.
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D. Symmetron
In the symmetron models the coupling to matter van-
ishes identically in dense regions or at redshifts z > z⋆,
while a larger coupling is obtained after a transition at
a redshift z⋆ and in the low matter-density regions. This
can be obtained by choosing
β(a) = β⋆
√
1−
(a⋆
a
)3
, (120)
for z < z⋆ and β = 0, z > z⋆. Similarly we choose
m(a) = m⋆
√
1−
(a⋆
a
)3
. (121)
Using the reconstruction mapping, it is straightforward
to find that
φ(a) = φ⋆
√
1−
(a⋆
a
)3
, (122)
for z < z⋆ and φ = 0 before. The potential for z < z⋆
as a function of a can then be reconstructed, using the
technique introduced above, as
V (a) = V0 +
β2⋆ρ
2
⋆
2m2⋆m
2
Pl
[(a⋆
a
)6
− 1
]
, (123)
where
ρ⋆ =
ρm0
a3⋆
, (124)
is the matter density at the transition between φ(a) = 0
and φ(a) > 0. The potential as a function of φ is then
V (φ) = V0 +
λ
4
φ4 − µ
2
2
φ2, (125)
where
φ⋆ =
2β⋆ρ⋆
m2⋆mPl
, (126)
and
m⋆ =
√
2µ, λ =
µ2
φ2⋆
, (127)
together with
β(φ) =
β⋆
φ⋆
φ. (128)
This completes the reconstruction of the particular sym-
metron model presented in [17] from m(a) and β(a).
E. Generalised Symmetrons
With the parametrisation developed in this paper it is
easy to create new models (in a more intuitive way than
starting with the Lagrangian) by changing the mass and
coupling functions. Here we give a simple example by
generalising the symmetron models.
We start by generalising the coupling function
Eq. (120)
β(a) = β⋆
[
(1−
(a⋆
a
)3]1/q
, (129)
for z < z⋆ and β = 0 for z > z⋆. Similarly we choose
m(a) = m⋆
[
1−
(a⋆
a
)3]1/p
, (130)
where the field evolves as
φ(a) = φ⋆
[
1−
(a⋆
a
)3] 1m−n
, (131)
where we have defined
m =
2(p− q + pq)
p− 2q + pq , n =
2p− 2q + pq
p− 2q + pq , (132)
and where
φ⋆ =
(m− n)β⋆ρ⋆
m2⋆mPl
. (133)
Eventually we find
V (φ) = V0 +
(m− n)β2⋆ρ2⋆
m2⋆m
2
Pl
[
1
m
(
φ
φ∗
)m
− 1
n
(
φ
φ∗
)n]
(134)
and
β(φ) = β⋆
(
φ
φ⋆
)n−1
. (135)
The indices m and n should be taken to be even integers
to keep the potential symmetric around φ = 0. The stan-
dard symmetron corresponds to the choice m/2 = n = 2.
We can now show explicitly that this generalised sym-
metron model has the screening property as we did for
the original symmetron model in § IIB2. Let us consider
a spherically dense body of density ρc and radius R em-
bedded in a homogeneous background. The field profile
inside the body is
φ = φS
sinhmSr
mSr
, r < R (136)
where
m2S ≃
(
dβ(φ)
dφ
)
S
ρc
mPl
= m2⋆
n− 1
m− n
ρc
ρ⋆
(
φS
φ⋆
)n−2
(137)
13
is the scalar field mass at r = 0, φS the corresponding
field value and ρ⋆ is as in the symmetron model the crit-
ical matter density when the transition of the minimum
of Veff(φ) from φ = 0 to φ = ±φ⋆ takes place in the
cosmological background.
The field outside the body, on scales shorter than the
large range m−1⋆ , is
φ = φ∗ +
D
r
, r > R (138)
Matching at r = R gives us the solution
φS cosh(mSR) = φ⋆ (139)
D = φ⋆R
(
tanh(mSR)
mSR
− 1
)
(140)
The first condition, which determines φS , can be written
φS
φ⋆
cosh
[
√
α
(
φS
φ⋆
)n/2−1]
= 1 (141)
where α = n−1m−n
ρc
ρ⋆
(m⋆R)
2. We can change it into a simple
equation for mSR
(mSR)
2 coshn−2(mSR) = α (142)
From these equations we see that when α ≫ 1 we get
φS ≈ 0, mSR ≫ 1 and therefore D ≈ −φ⋆R. Note that
if n > 2 the mass vanishes at φ = 0, however, this is not
a problem for the screening mechanism. Even though a
large α pushes the field down towards φ = 0, mS is still
an increasing function of α according to Eq. (142).
The fifth-force on a test mass outside the body is found
to be screened as long as
|φc − φ∞| ≪ 2mPlβ∗ΦN (143)
where φc = φS ≈ 0 and φ∞ = φ⋆. This condition is equiv-
alent to α≫ 1 and shows that the screening property is
present in this model.
Comparing the case n = 2 with n > 2 we find that even
though φS/φ⋆ is larger in the latter case, the coupling
β(φS) is smaller as long as we have screening. This means
that the force between two test-masses in a dense envi-
ronment is more screened for larger n. Local constraints
for the generalised symmetrons are therefore satisfied for
(at least) the same range as the standard symmetron:
m0/H0 & 10
3.
IV. RECONSTRUCTING f(R) MODELS
A. Gravity Tests and Chameleons
Consider now the important case of a non-vanishing
coupling function β(a). Defining β(a) = β0g(a) and m =
m0f(a), we find that
φ− φc
mPl
= 9β0Ωm0
H20
m20
∫ a
aini
da
g(a)
a4f2(a)
, (144)
FIG. 1. The constraints on m0/H0 as a function of r for β0 =
1/
√
6 and s = 0. Valid models must be above the red (solar
system), mauve (cavity) green (m > H), light blue (mL & 1),
light red (µ˙) and brown (galaxy) lines. The blue line gives the
detectability of effects on the CMB by the Planck satellite.
The strongest constraints are the cavity and galactic bounds
for small and large r respectively. Models with r & 3 satisfy
the constraints and can lead to a modified gravity regime on
large scales.
which allows one to test the screening properties of these
models.
Let us first consider the solar system tests. Evaluating
Eq. (144) in the galactic background, we find that8
φgal − φc
mPl
= 9β0Ωm0
H20
m20
∫ agal
aini
da
g(a)
a4f2(a)
, (145)
where agal ≈ 10−2 is the scale factor when the matter
density in the cosmological background equals the galac-
tic density ρgal ≈ 106ρc. Defining
∆R
R
=
φgal − φc
6mPlβcΦ⊙
, (146)
where R is the radius of a spherical body, the modifica-
tion of gravity in the solar system has a strength
2βgalβc
3∆R⊙
R⊙
. (147)
In this expression βgal is the value of the coupling func-
tion β(φ) in the galactic background, Φ⊙ is the value of
8 Again, here for simplicity we have assumed that the scalar field
minimises Veff (φ) in the galactic background. While this is true
for certain parameter space, in general it should be tested against
numerical simulations.
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the Solar Newtonian potential (Φ⊙ ∼ 10−6) and βc is the
coupling inside a dense body. The magnitude should be
less than 10−5 to comply with the Cassini bound in the
solar system [50]. This condition is independent of βc and
reads
β0βgal
∫ agal
aini
da
g(a)
a4f2(a)
. 10−5
m20
9Ωm0H20
Φ⊙. (148)
The integral
I ≡
∫ agal
aini
da
g(a)
a4f2(a)
, (149)
is potentially divergent for small values of aini ∼ 10−10.
Hence we must impose that f(a)2/g(a) compensates the
1/a4 divergence in the integrand. As mentioned above, we
have assumed that galaxies are screened to minimise the
disruption of their dynamics, although the necessity of
this condition should be ascertained using N -body sim-
ulations [31]. Enforcing the screening condition imposes
|φgal − φ0| . 6β0mPlΦgal, (150)
in which the galactic Newtonian potential is Φgal ∼ 10−6
and
φ0 − φgal
mPl
= 9β0Ωm0
H20
m20
∫ 1
agal
da
g(a)
a4f2(a)
. (151)
A slightly stronger bound is obtained from the Lunar
Ranging experiment [49] with the 10−5 on the right-hand
side of Eq. (148) replaced by 10−7.
Strong constraints can also be obtained from labora-
tory experiments. Using the fact that the initial matter
density at zini ∼ 1010 is roughly the same as that in a typ-
ical test mass in the laboratory, gravity is not modified
provided test bodies are screened, i.e.,
|φlab − φc| . 2βcmPlΦlab, (152)
where Φlab ∼ 10−27 for typical test bodies in cavity ex-
periments of size L, and φlab = φ(alab) is determined by
m(alab) ∼ 1/L (see the appendix for more details).
B. f(R) Gravity Reconstruction
Viable f(R) models are nothing but chameleons [32]
with a constant value of the coupling function β(φ) =
1/
√
6. We have already described the background dy-
namics of these models. Here we shall derive the mapping
between the evolution of the scalar field mass m(a) and
the function f(R) for curvature values ranging from the
ones in dense bodies to cosmological ones. These models
are equivalent to chameleon models where the potential
is given by9
V (φ) = m2Pl
RfR − f
2f2R
(153)
9 In the discussion of f(R) gravity we shall use R to denote the
Ricci scalar.
in which fR = df/dR. The mapping between R and φ is
given by
fR = exp
(
−2β φ
mPl
)
. (154)
Given the mass function m(a), we have
φ(a) = 9βΩm0H
2
0mPl
∫ a
aini
da
a4m2(a)
+ φc, , (155)
and
V = V0 − 3
∫ a
aini
β2
am2(a)
ρ2m(a)
m2Pl
da. (156)
We can reconstruct R(a) using the fact that
R(φ) = −e2β
φ
mPl
1
βmPl
d
dφ
[
e
−4β φ
mPl V (φ)
]
, (157)
and f(R) using
f(R) = R(φ)e
−2β φ
mPl − 2
m2Pl
e
−4β φ
mPl V (φ), (158)
which is equivalent to
f(R) =
2
m2Pl
e
−4β φ
mPl V (φ)− 1
βmPl
e
−4β φ
mPl
dV
dφ
, (159)
once we have obtained V (φ) from the above implicit pa-
rameterisation.
When βφ/mPl ≪ 1 as required from the BBN con-
straints, the above equations can be simplified and read
f(R) = R − 2V (φ)
m2Pl
(160)
where
R(φ) = − 1
βmPl
dV
dφ
+
4
m2Pl
V (φ). (161)
This is the parametric reconstruction mapping of f(R)
models.
C. Large Curvature f(R) Models
We can apply these results to the case withm = m0a
−r
leading to models where
φ− φc
mPl
=
9Ωm0βH
2
0
(2r − 3)m20
a2r−3ini
[(
a
aini
)2r−3
− 1
]
, (162)
which reduces to
φ− φc
mPl
=
9Ωm0βH
2
0
(2r − 3)m20
a2r−3 (163)
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at late times. Similarly we have
V (a) = V0 − 3β
2ρ2m0
2(r − 3)m2Plm20
(
a2r−6 − a2r−6ini
)
. (164)
Now for late enough times we have
V = V0 − C
[
φ− φc
mPl
] 2(r−3)
2r−3
(165)
for a constant C. Notice that for 3/2 < r < 3, these mod-
els are chameleons with an inverse power law potential
V (φ) ∼ φ−n with
n = 2
3− r
3− 2r . (166)
We can equivalently find that
R(φ) ≈ 2C
βm2Pl
r − 3
2r − 3
[
φ− φc
mPl
]− 32r−3
+ 4
V0
m2Pl
. (167)
Finally we find that
f(R) = R− 2
m2Pl

V0 + C
(
R− 4 V0
m2Pl
R⋆
)−n , (168)
where R⋆ = 2(r − 3)C/
[
(2r − 3)βm2Pl
]
and
n =
2
3
(r − 3). (169)
Large curvature models are defined for r > 3 here. This
completes, in this particular example, the reconstruction
of the f(R) models from the knowledge of the function
m(a).
The gravitational constraints for these models have
been fully analysed in [5]. We have summarised these
constraints in Figure 1 where we see that the strongest
constraints on the range of the scalar interaction arise for
r . 3, i.e., for inverse power law chameleon models. For
r & 3, i.e., for large curvature f(R) models, the screening
of the Milky Way is a loose constraint which needs to be
further analysed with N -body simulations.
D. Comparison with the B-parameterisation
The f(R) theories are generally parameterised using
[29]
B =
fRR
fR
H
dR
dH
, (170)
and fR − 1 now. As φ/mPl ≪ 1 we have that
fR − 1 = −2β φ
mPl
, (171)
allowing one to reconstruct the field history entirely:
fR − fR0 = 18β2Ωm0H20
∫ 1
a
1
a4m2(a)
da, (172)
which depends on the mass evolution uniquely. This can
be rewritten using the B-function. In fact, using
dH
H
= −3
2
(1 + w)Hdt, (173)
in an era dominated by a fluid of equation of state w, we
find that
B = −fRR
fR
2
3(1 + w)
R˙
H
. (174)
With fR = e
−2β φ
mPl we have
fRR
dR
dt
= −2β fR
mPl
dφ
dt
(175)
and therefore
B =
4β
3(1 + w)mPl
dφ
Hdt
, (176)
and using the minimum equation we get
B =
6β2
1 + w
Ωm
H2
m2
. (177)
Because β = 1/
√
6, in the matter dominated era this
gives
B = Ωm
H2
m2
, (178)
which is completely determined by m(a). Hence we find
that
fR − fR0 = 3
∫ 1
a
B(a)
a
da. (179)
The knowledge of B(a) and fR0 determines the back-
ground evolution in the f(R) gravity models in a com-
pletely equivalent way to the m(a) parameterisation.
V. GROWTH OF LARGE-SCALE STRUCTURE
We have shown that the non-linear structure of the
screened models can be reconstructed from the knowl-
edge of the mass and coupling functions. These functions
are time dependent only. In particular, we have seen that
this allows one to fully analysed the gravitational tests
and the cosmological background evolution. Moreover we
have shown that the cosmological dynamics typically is
indistinguishable from a ΛCDMmodel at the background
level. Here we will find that this is not the case at the
perturbative level and that the mass and coupling func-
tion allow a full description of the linear and non-linear
regimes.
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FIG. 2. The relative difference of the matter power spectrum P (k) in the chameleon model from that in the ΛCDM model with
exactly the same background expansion history, initial conditions and physical parameters. Upper Left panel: the dependence
of the result on the modified gravity parameter β0. Upper Right panel: the dependence of the result on the parameter r. Lower
Left panel: the dependence of the result on the parameter s. Lower Right panel: the dependence of the result on the parameter
ξ ≡ H0/m0.
A. Linear Structure Growth
The linear perturbation equations for a scalar field cou-
pled to matter particles are listed in [56] in the covariant
and gauge invariant formalism. Denoting by ∆m the den-
sity contrast of the pressure-less matter, vm its velocity
and δφ the perturbation10 in the scalar field, their evo-
10 Note that this is different from above, where we used δφ to denote
the oscillation of the background φ around φmin(t).
lution equations are as follows:
∆′′m +
a′
a
∆′m −
1
2
ρm
m2Pl
a2∆m
+kβ(a)m−1Pl (kδφ− φ′vm) = 0, (180)
v′m +
a′
a
vm + β(a)m
−1
Pl (φ
′vm − kδφ) = 0, (181)
δφ′′ + 2
a′
a
δφ′ +
[
k2 + a2m2(a)
]
δφ
+β(a)
ρm
mPl
a2∆m + kφ
′Z = 0, (182)
where a prime denotes the derivative with respect to the
conformal time, kZ = Ψ′ in the Newtonian gauge is a
variable of the curvature perturbation which is irrelevant
for our discussion since it is multiplied by φ′/mPl ≪ H =
a′/a, and we have neglected contribution from radiation
as we are focusing on late times.
Neglecting the terms proportional to φ′ in the above
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FIG. 3. The relative difference of the matter power spectrum P (k) in generalised symmetron models from that in the ΛCDM
model with exactly the same background expansion history, initial conditions and physical parameters. Upper Left panel:
the dependence of the result on the parameter a⋆ – the scale factor value at which the symmetry breaking of the effective
potential happens. Upper Right panel: the dependence of the result on the modified gravity parameter β⋆. Lower Left panel: the
dependence of the result on the parameter q. Lower Right panel: the dependence of the result on the parameter ξ ≡ H0/m⋆.
As an example we have chosen p = 2.
equations we get the following equation [10]
∆′′m +
a′
a
∆m − 1
2
ρm
m2Pl
a2∆m
[
1 +
2β2(a)
1 + a
2m2(a)
k2
]
= 0,
(183)
where we have used the fact that, given that in Eq. (182)
the term k2 + a2m2 ≫ H2, δφ follows the solution
δφ ≈ − β(a)
k2 + a2m2(a)
ρm
mPl
a2∆m, (184)
and rapidly oscillates around it (see more details below).
On very large scales, k ≪ am(a), we can see that
Eq. (183) reduces to
∆′′m +
a′
a
∆m − 1
2
ρm
m2Pl
a2∆m = 0, (185)
which governs the growth of matter density perturbation
in the ΛCDM model. The effect of modified gravity is in-
corporated in the second term in the brackets of Eq. (183)
and becomes significant when am(a)/k . 1, namely for a
light scalar field mass m(a) or on small length scales. For
all models shown here the CMB spectrum is the same
as the ΛCDM prediction, because the scales relevant for
the CMB is very large and therefore not affected by the
modified gravity.
In order to illustrate these considerations, we have
computed the linear matter power spectra P (k) for a
number of generalised chameleon (Fig. 2) and symmetron
(Fig. 3) models.
For the generalised chameleon models, we have used
m = m0a
−r, β = β0a
−s (186)
The impact of gravity tests for β = 1/
√
6, s = 0 have
been given in Fig. 1. There we can see that values of r & 3
are favoured by the local gravity tests. We have varied
the four parameters in the parameterisation of β(a) and
18
m(a): β0, r, s and m0. Because m0 is not dimensionless,
we have defined a new variable ξ ≡ H0/m0 instead. We
find the following results, all as expected:
1. increasing the coupling β0 strengthens the modifi-
cation of gravity, which causes more matter cluster-
ing, resulting in a higher matter power spectrum;
2. r characterises how fast the scalar field mass de-
creases in time: the higher r the faster it decays.
Given that m0 is fixed, a higher value of r means
that the Compton wavelength (essentially the range
of the modification to gravity) decreases faster in
the past, and therefore the modification of gravity
starts to take effect later – this would mean less
matter clustering;
3. s specifies how fast the coupling function changes
in time: s = 0 implies β(a) remains constant, while
s > 0 (s < 0) means β(a) decreases (increases)
in time. If β0 is fixed, the larger s is, the larger
β(a) becomes at high redshifts – this would mean a
stronger modification to gravity and stronger mat-
ter clustering;
4. ξ specifies how heavy the scalar field is, or equiv-
alently the range of the modification of gravity:
smaller ξ means shorter Compton length of the
scalar field, and therefore weaker matter clustering.
The potential of the generalised symmetron models
has been given in Eq. (132,134), but one should be care-
ful that the parameters p, q (or equivalent n,m) cannot
take arbitrary values. For example, φn might not be well-
defined if φ < 0. Here let us consider the special case with
p = 2 (n = 2, m = 2+q), in which the potential becomes
V (φ) = V0 +
qβ2⋆ρ
2
⋆
m2⋆m
2
Pl
[
1
2 + q
[
φ
φ∗
]2+q
− 1
2
[
φ
φ∗
]2]
(187)
and this avoids the situation in which the scalar field
becomes massless at φ = 0. Furthermore, choosing q =
2, 4, 6, · · · not only ensures that φ2+q is well-defined for
any value of φ, but also makes the potential symmetric
about φ = 0, as in the original symmetron model. Finally,
with p = 2 another property of the original symmetron
model, that β(φ) ∝ φ, is preserved as well.
Again, the results in Fig. 3 are as expected:
1. increasing a⋆ implies that the modification of grav-
ity starts to take effect at a later time, and this will
weaken the matter clustering;
2. increasing β⋆ increases the coupling strength over-
all, and leads to stronger matter clustering;
3. increasing q increases β(a) for a > a⋆ and causes
stronger structure growth;
4. decreasing ξ, as in the chameleon case, decreases
the range of the modification of gravity, and there-
fore leads to less matter clustering.
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FIG. 4. An illustration of the time evolution of the scalar field
perturbation δφ. The black solid curve is the numerical solu-
tion while the green dashed curve is the analytical approxima-
tion given in Eq. (184). The results here are for k = 1hMpc−1
but the qualitative feature remains for other values of k. The
modified gravity parameters are shown beside the curves.
Before we finish this subsection, let us come back to the
evolution of the scalar field perturbation δφ. As explained
above, an analytic approximation to this can be obtained
in Eq. (184). However, as for the background evolution,
where φ oscillates quickly around φmin(t), we may expect
that the true value of δφ oscillates around the analytic
solution as well. This is confirmed in Fig. 4.
In the model shown in Fig. 4 we have chosen r = 3.0.
Obviously, the larger r is, the larger the scalar field mass
m(a) becomes at early times. A rapid decrease of m(a)
would mean that the effective potential for δφ changes
its steepness very quickly. Suppose the oscillation of δφ
has some initial kinetic energy, then as the effective po-
tential becomes less steep the amplitude of the oscilla-
tions increases since the kinetic energy does not disap-
pear quickly. Consequently, if we increase r further we
get even stronger oscillations and if, in contrast, we de-
crease r then the oscillations become weaker. We have
checked explicitly that for r = 1.0 there is essentially no
oscillation.
At late times H0/m0 = ξ ∼ 10−3, which implies that
the period of the oscillation is roughly 10−3 the Hubble
time, and is much longer than the typical time scales for
human observations. As a result, one cannot average δφ
over several periods to get 〈δφ〉. Indeed, as the amplitude
of oscillation in Fig. 4 is bigger than the analytic solution
of δφ in Eq. (184), the value of δφ one observes at a given
time is rather random and could be far from the one given
in Eq. (184). This is the case for the f(R) gravity model
in [31], where r = 4.5.
Whilst this seems to be a problem, this is not really the
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FIG. 5. The time evolution of γ(k, a) for a chosen value of
k = 0.1hMpc−1 as an illustration. The black solid is the full
numerical solution, the red dashed curve is obtained using
the numerical value of ΦN using the analytical solution of δφ
given in Eq. (184), while the blue solid curve is Eq. (196). The
modified gravity parameters are shown beside the curves.
case. Indeed in the solar system the matter density is so
high that the oscillation is faster than it is in the cosmo-
logical background, and we actually observe the averaged
value 〈δφ〉 . On linear scales, as δφ oscillates, overshoot-
ing and undershooting the value given in Eq. (184), we
have checked by replacing the numerical solution of δφ
by the analytical formula given in Eq. (184) that we ob-
tain identical power spectra P (k) in the two approaches.
Hence the mean value solution Eq. (184) gives a very
good description of the statistical properties of linear per-
turbations.
B. The Jordan Frame Picture
In this section we compare our results with a simple
and effective way of parameterising linear perturbations
which has been used in the literature in the past few
years [38–45] (other interesting and more general ap-
proaches for the linear regime include the parameterised
Post-Friedmann framework of [36, 37] and the fully co-
variant parameterisation of [46–48]). Such a way of pa-
rameterising any modification of gravity utilises two arbi-
trary functions µ(k, a) and γ(k, a) through the (modified)
Poisson equation
− k2Ψ = 4πµ(k, a)GNa2δρm, (188)
and the slip relation
Φ = γ(k, a)Ψ. (189)
Here GN is the bare Newton constant, and Ψ and Φ are
the two gravitational potentials in the Newtonian gauge:
ds˜2 = −a2(1 + 2Ψ)dη2 + a2(1− 2Φ)dx2, (190)
in which (η, x) are the conformal time and comoving co-
ordinates.
So far we have focused on the Einstein frame. In the
Jordan frame as described by the line element above,
the perturbative dynamics can be described using two
Newtonian potentials where we have the relation
ds˜2 = A2(φ)ds2, (191)
and ds2 is the line element in the Einstein frame ex-
pressed in the Newtonian gauge. Expanding in perturba-
tion around a background value with A[φ(t)] ≈ 1, we can
relate these two potentials to the Einstein frame Newton
potential
Ψ = ΦN + β
δφ
mPl
,
Φ = ΦN − β δφ
mPl
. (192)
Hence we see that in the Jordan frame the two Newtonian
potentials are not equal, a fact which can be interpreted
as resulting from the existence of a non-anisotropic stress
contribution coming from the scalar field. It is useful to
define
ǫ(k, a) =
2β2
1 + m
2a2
k2
(193)
Using the definitions in Eq. (192), the analytical approx-
imation for δφ in Eq. (184) and the Poisson equation
− k2ΦN = 1
2
ρm
m2Pl
a2∆m, (194)
it can be derived easily that
γ(k, a) ≡ Φ
Ψ
=
1− ǫ(k, a)
1 + ǫ(k, a)
,
µ(k, a) = 1 + ǫ(k, a). (195)
These results are valid for all the models which can be
described by a field tracking the minimum of the effective
potential since before BBN. More precisely we find that
µ(k, a) =
(1 + 2β2)k2 +m2a2
k2 +m2a2
,
γ(k, a) =
(1− 2β2)k2 +m2a2
(1 + 2β2)k2 +m2a2
. (196)
These are closely related to the popular parameterisation
of modified gravity used in the literature. Here they are
valid for any model of modified gravity at the linear level
of cosmological perturbations as long as the background
cosmology is described by a scalar field slowly evolving in
time and following the time dependent minimum of the
effective potential where m2 ≫ H2.
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As a numerical illustration, in Fig. 5 we have com-
pared the function γ(a, k) calculated using three differ-
ent methods: (1) the full numerical solution as shown by
the black solid curve, (2) the value obtained by using the
definitions in Eq. (192), the analytical approximation for
δφ in Eq. (184) and ΦN solved from the Poisson equation
numerically (the red dashed curve) and (3) Eq. (196) as
shown by the blue dotted curve. We can see that the lat-
ter two agree with each other very well, showing that the
parameterisation given in Eq. (196) works very well in
practice and describes the statistical properties of linear
perturbations.
The full numerical solution, however, again shows the
oscillating behaviour, but the oscillation always centres
around the averaged value defined by the previous for-
mulae. As discussed earlier, over many oscillations there
will be a cancellation and the net effect on a statistical
observable today are the same for all the three curves.
C. f(R) Gravity in the Jordan Frame
Let us concentrate now on the case of f(R) gravity.
The perturbations are then determined by
µ(k, a) =
4
3k
2 +m2a2
k2 +m2a2
,
γ(k, a) =
2
3k
2 +m2a2
4
3k
2 +m2a2
. (197)
For large curvature models with m = m0a
−r, this be-
comes
µ(k, a) =
4
3
k2
m20
a3n+4 + 1
k2
m20
a3n+4 + 1
,
γ(k, a) =
2
3
k2
m20
a3n+4 + 1
4
3
k2
m20
a3n+4 + 1
. (198)
When n = 23 (r − 3)≪ 1, we retrieve the phenomenolog-
ical parameterisation [40]
µ(k, a) ≈
4
3
k2
m20
a4 + 1
k2
m20
a4 + 1
,
γ(k, a) =
2
3
k2
m20
a4 + 1
4
3
k2
m20
a4 + 1
. (199)
Our parameterisation Eq. (196) covers all the possible
f(R) models.
D. Non-linear Effects
Matter clustering on galactic and cluster scales is an
important probe of modified gravity. The nonlinearity in
both the structure formation process and the dynamics
of the scalar field for scales k & 0.1 hMpc−1 require full
numerical simulations [53, 54].
The β(a),m(a) parameterisation can completely spec-
ify the nonlinear dynamics of φ with two temporal func-
tions. Indeed, as we have seen above, one can reconstruct
the potential V (φ) and the coupling function together
with the background evolution φ(a). Then one can study
the non-linear evolution of the scalar field perturbation
which, in the quasi-static limit, are governed by
∇2φ =
[
β(φ)
ρm
mPl
− β(φ) ρm
mPl
]
+
dV (φ)
dφ
−dV (φ¯)
dφ
, (200)
where the overbar means the background value.
One can easily obtain dV (φ)/dφ analytically or numer-
ically, and this can be used to solve the quasi-static dy-
namics numerically. An advantage is that temporal func-
tions m(a), β(a) completely specify the dynamics of φ, in
particular its spatial configuration, and there is no need
for a k-space parametrisation.
On linear scales, this is equivalent to the Jordan-frame
description with the two spatially dependent function
µ(k, a) and γ(k, a) being defined by ǫ(k, a) which depends
on the two functionsm(a) and β(a), as given in Eq. (196).
But in practice, working with two temporal functions is
much more direct. Furthermore, the parameterisation de-
scribed in Eq. (196) fails to faithfully describe the nonlin-
ear effects or the environmental dependence. In essence,
by going from m(a) and β(a) to µ(k, a) and γ(k, a), one
not only introduces spatial dependence but also loses the
ability to describe nonlinear structure formation: in this
sense, we may describe the approach using µ(k, a) and
γ(k, a) as the linear parameterisation of structure for-
mation while m(a) and β(a) provide a fully non-linear
parameterisation of modified gravity11.
Past experience has shown that in modified gravity
(e.g., chameleon and f(R)) models, nonlinear effects be-
come important as soon as the linear perturbation result
deviates from the corresponding ΛCDM prediction. This
emphasises the importance of using full numerical simu-
lations in the study of these models. However, the full nu-
merical simulations are generally very time and resource-
consuming, and are therefore left for future work.
VI. VARIATION OF CONSTANTS
We have seen that the background evolution of the
scalar field is specified by the time dependent mass and
coupling functions. As the scalar field evolves, the particle
masses and the gauge coupling constants change in time
11 Our parameterisation also provides a clear characterisation of
the class of physical models (namely a scalar field coupled to
matter) considered here, which is important in parameterising
modified gravity [48], and not automatically incorporated in the
(µ, γ) parameterisation.
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too. The time variation of masses and gauge couplings
is tightly constrained by laboratory experiments [58]. In
this section, we analyse the time drift of the fine structure
constant and the electron to proton mass ratio.
A. The fine structure constant
The scalar field also has an effect on gauge couplings
and particle masses. The fermion masses are given by
mF (φ) = A(φ)mbare. (201)
where mbare is the bare mass in the Lagrangian. Mean-
while, quantum effects such as the presence of heavy
fermions lead to the potential coupling of φ to photons
[59]
Sgauge = − 1
4g2bare
∫
d4x
√−gBF (φ)FµνFµν , (202)
where gbare is the bare coupling constant and
BF (φ) = 1 + βγ
φ
mPl
+ . . . . (203)
The scalar coupling to the electromagnetic field would
lead to a dependence of the fine structure constant on φ
as
1
α
=
1
αbare
BF (φ), (204)
implying that
α˙
α
≈ −βγ φ˙
mPl
(205)
where we have assumed that βγφ/mPl ≪ 1. Using the
evolution equation we find that
α˙
Hα
≈ −9βγβΩmH
2
m2
. (206)
Hence the negative variation of the fine structure con-
stant in one Hubble time is related to the small ra-
tio H/m ≪ 1 and the couplings of φ to matter and
photons. The best experimental bound on the variation
of α now comes from Aluminium and Mercury single-
ion clocks [60]: α˙α |0 = (−1.6 ± 2.3) · 10−17yr−1. Tak-
ing H−10 ∼ 1.5 · 1010yr, we get the conservative bound∣∣ α˙
Hα
∣∣
0
. 2 · 10−7. As a result, the experimental bounds
on the time variation of α lead to constraints on β0βγ0
as β0βγ0 . 0.8 · 10−7m
2
0
H20
. For models with β0 = O(1),
Ωm0 ∼ 0.25 and m0/H0 ≈ 103 where effects on large
scale structure are present, βγ0 . 0.1, which is a much
tighter bound than present experimental ones βγ0 . 10
11
[55].
The time evolution in the past is also particularly in-
teresting. For symmetron models, we find that the time
variation of α is
α˙
Hα
≈ −9β⋆βγΩm0
(
H0
m⋆
)2
1
a3
√
1− (a⋆a )3
(207)
Here, the time variation of α increases as one reaches
the transition a⋆. This is a large variation which may
happen in the recent past of the Universe and may have
observable consequences in the emission lines of distant
objects.
It should however be noted that even though α˙/α can
be very large, the relative difference of α between the
earth and some other sparser place in the Universe is
constrained to be less than∣∣∣∣∆αα
∣∣∣∣ < φ⋆βγmPl = 3β⋆βγΩm0
(
H0
m⋆
)2
ρ⋆
ρm0
(208)
If we instead consider a quadratic coupling to photons,
BF (φ) = 1 +
Aγ2
2 φ
2, we find
∣∣∣∣∆αα
∣∣∣∣ < Aγ2 φ2⋆2 = 3β⋆βγΩm0
(
H0
m⋆
)2
ρ⋆
ρm0
(209)
where βγ = βA
γ
2/A2 = φ⋆mPlA
γ
2 .
Interestingly, for both cases and for our fiducial param-
eter values m⋆ ∼ 103H0, ρ⋆ ∼ ρm0 and β ∼ βγ = O(1)
this term is of the same order as the claimed variation of
α reported in [61].
B. The variation of masses
Fundamental fermions such as the electrons have a uni-
versal mass dependence mF = A(φ)mbare, implying that
m˙F
HmF
= 9β2Ωm
H2
m2
. (210)
Nucleons such as the proton have a mass given by the
phenomenological formula
mp = CQCDΛQCD + bumu + bdmd + Cpα, (211)
where ΛQCD ∼ 217MeV is the QCD scale, bu + bd ∼ 6,
bu − bd ∼ 0.5, CQCD ∼ 5.2, mbareu ∼ 5MeV, mbared ∼
10MeV and Cpαbare ∼ 0.62MeV. Assuming conserva-
tively that ΛQCD is scalar independent, we get
m˙p
Hmp
≈ 9ΩmβH
2
m2
(
bum
bare
u + bdm
bare
d
mp
β − Cpαbare
mp
βγ
)
.
(212)
It is particularly important to study the variation of
ν =
me
mp
(213)
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from which we find that its time variation is positive for
modified gravity models:
ν˙
ν
≈ 9ΩmβH
2
m2
(
β +
Cpαbare
mp
βγ
)
. (214)
The current experimental constraint is ν˙ν |0 = (−3.8 ±
5.6)10−14yr−1 which yields the upper bound on β0: β
2
0 .
10−5
m20
H20
. For β0 = O(1), this entails that m0/H0 & 102.5.
Again for symmetron models, the electron to proton mass
ratio would vary rapidly in time around the transition
time a⋆. It would be interesting to study if such a varia-
tion could have relevant effects on the physics of distant
objects.
VII. CONCLUSION
We have developed a novel parametrisation of modified
gravity models first presented in [5]. Starting with the
time-evolution of the mass and the matter coupling of a
scalar field in the cosmological background, we have been
able to reverse engineer the complete dynamics of these
models in a simple way.
We have applied these results to well-known modified
gravity models: chameleons, f(R) gravity, dilatons and
symmetrons. In each case, we have explicitly given the
mapping and the full reconstruction. We have also shown
how one can apply local constraints using this formalism
and then use it to make predictions for linear cosmolog-
ical perturbations.
New classes of models can be engineered in a more
intuitive way than starting from a Lagrangian. The La-
grangian itself can be completely reconstructed. One only
needs to specify two functions whose physical meaning is
easily grasped: namely the mass (the inverse range of the
fifth-force) and the coupling to matter.
The real strength of this approach compared to ex-
isting parameterisations in the literature is that we can
reconstruct the whole theory at the linear and non-linear
levels and be sure that it corresponds to a concrete
physical model defined via a Lagrangian. This effectively
supersed existing parameterisations of modified gravity
with a screening mechanism by being able to make pre-
dictions for non-linear clustering of matter via N -body
simulations. This will be the subject of future work.
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Appendix A: The Cavity Constraint
In this appendix, we will explicitly develop the calcu-
lation leading to the cavity constraint for chameleon and
f(R) models.
Consider a cavity of radius L with a residual density
ρcav ≪ ρc where ρc is the density of the bore surrounding
the cavity. The field inside the cavity is φcav and deviates
slightly from this value across the cavity. Expanding the
effective potential around φcav and putting δφ = φ−φcav,
we have
1
r2
d
dr
(
r2
d
dr
δφ
)
−m2cavδφ = Veff,φ (φcav) (A1)
where mcav is the scalar field mass inside the cavity and
Veff,φ ≡ dVeff(φ)/dφ is nonzero unless φcav minimises the
effective potential. Inside the cavity the solution is
δφ = A
sinh(mcavr)
r
− Veff,φ (φcav)
m2cav
; (A2)
outside the cavity we have
φ = φc +B
e−mcr
r
, (A3)
where A,B are constants of integral, φc is the minimum
of the effective potential outside the cavity and mc the
mass at that minimum. Matching at r = L, we find that
B =
emcL
1 +mcL
[sinh (mcavL)−mcavL]A, (A4)
and
A
[
mc
1 +mcL
sinh (mcavL) +
mcav
1 +mcL
]
= φc − φcav + Veff,φ (φcav)
m2cav
. (A5)
Evaluating the solution at the origin and putting δφ(r =
0) = 0 we have
A =
Veff,φ (φcav)
m3cav
. (A6)
This leads to
1 +
sinh (mcavL)
mcavL
= − φcavm
2
cav
Veff,φ (φcav)
, (A7)
where we have used mcL≫ 1.
For potentials V ∼ 1/φn and as long as φcav is much
less than the effective minimum in the cavity we have
sinh (mcavL)
mcavL
= n, (A8)
which implies that
mcavL = O(1), (A9)
where mcav is dominated by the potential term.
23
[1] E. J. Copeland, M. Sami and S. Tsujikawa,
Int. J. Mod. Phys. D, 15, 1753 (2006).
[2] T. Clifton, P. G. Ferreira, A. Padilla, C. Skordis (2011),
arXiv: 1106.2476 [astro-ph.CO].
[3] S. Weinberg and E. Witten, Phys. Lett. B96, 59 (1980).
[4] J. Khoury (2010), arXiv:1011.5909 [astro-ph.CO].
[5] P. Brax, A. -C. Davis and B. Li (2011), arXiv:1111.6613
[astro-ph.CO].
[6] P. Brax, C. van de Bruck, A. C. Davis and D. J. Shaw,
Phys. Rev. D82, 063519 (2010).
[7] Brax, P., van de Bruck, C., Davis, A.-C., Li, B., & Shaw,
D. J. 2011, Phys. Rev. D83, 104026 (2011).
[8] T. Damour and A. M. Polyakov, Nucl. Phys. B423, 532
(1994).
[9] J. Khoury and A. Weltman, Phys. Rev. D69, 044206
(2004); D. F Mota and D. J Shaw, ibid, 75, 063501 (2007).
[10] P. Brax, C. van de Bruck, A. -C. Davis, J. Khoury,
A. Weltman, Phys. Rev. D70 (2004) 123518.
[11] P. Brax, C. van de Bruck, A. -C. Davis and A. M. Green,
Phys. Lett. B 633, 441 (2006) [astro-ph/0509878].
[12] P. .Brax, C. van de Bruck and A. C. Davis, JCAP0411,
004 (2004).
[13] P. Brax, C. van de Bruck, D. F. Mota, N. J. Nunes and
H. A. Winther, Phys. Rev. D82, 083503 (2010).
[14] R. Gannouji, B. Moraes, D. F. Mota, D. Polarski, S. Tsu-
jikawa and H. A. Winther, Phys. Rev. D82, 124006
(2010).
[15] M. Pietroni, Phys. Rev. D 72 (2005) 043535
[astro-ph/0505615].
[16] K. A. Olive and M. Pospelov, Phys. Rev. D 77, 043524
(2008) [arXiv:0709.3825 [hep-ph]].
[17] K. Hinterbichler and J. Khoury, Phys. Rev. Lett., 104,
231301 (2010).
[18] K. Hinterbichler, J. Khoury, A. Levy and A. Matas,
Phys. Rev. D84, 103521 (2011).
[19] P. Brax, C. van de Bruck, A. -C. Davis, B. Li,
B. Schmauch and D. J. Shaw, Phys. Rev. D84,123524
(2011).
[20] A. -C. Davis, B. Li, D. F. Mota and H. A. Winther (2012),
Astrophys. J., in press; arXiv:1108.3081 [astro-ph.CO].
[21] J. Clampitt, B. Jain and J. Khoury, J. Cosmo. As-
tropart. Phys., 1201, 030 (2012).
[22] A. A. Starobinsky, Phys. Lett. B91, 99 (1980)
[23] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner,
Phys. Rev. D70, 043528 (2004).
[24] S. M. Carroll, A. de Felice, V. Duvvuri, D. A. Easson,
M. Trodden and M. S. Turner, Phys. Rev. D71, 063513
(2005).
[25] T. Faulkner, M. Tegmark, E. F. Bunn and Y. Mao,
Phys. Rev. D76, 063505 (2007).
[26] I. Navarro and K. Van Acoleyen, J. Cosmo. As-
tropart. Phys. 0702, 022 (2007).
[27] L. Amendola, R. Gannouji, D. Polarski and S. Tsujikawa,
Phys. Rev. D75, 083504 (2007).
[28] S. Carloni, A. Troisi and P. K. S. Dunsby, Gen. Rel. Grav.
41 (2009) 1757 [arXiv:0706.0452 [gr-qc]].
[29] Y. -S. Song, W. Hu and I. Sawicki, Phys. Rev. D75,
044004 (2007).
[30] B. Li and J. D. Barrow, Phys. Rev. D75, 084010 (2007).
[31] W. Hu and I. Sawicki, Phys. Rev. D76, 064004 (2007).
[32] P. Brax, C. van de Bruck, A. C. Davis and D. J. Shaw,
Phys. Rev. D78, 104021 (2008).
[33] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys., 82, 451
(2010).
[34] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3
(2010).
[35] P. Brax, A. -C. Davis, [arXiv:1109.5862 [astro-ph.CO]].
[36] E. Bertschinger, Astrophys. J. 648, 797 (2006).
[37] W. Hu and I. Sawicki, Phys. Rev. D76,104043 (2007).
[38] B. Jain and P. Zhang, Phys. Rev. D78, 063503 (2008).
[39] L. Amendola, M. Kunz, and D. Sapone, J. Cosmo. As-
tropart. Phys. 0804, 013 (2008),
[40] E. Bertschinger and P. Zukin, Phys. Rev. D78, 024015
(2008).
[41] Y. -S. Song and K. Koyama, J. Cosmo. As-
tropart. Phys. 0901, 048 (2009).
[42] R. Bean and M. Tangmatitham, Phys. Rev. D81, 083534
(2010).
[43] S. F. Daniel, E. V. Linder, T. L. Smith, R. R. Cald-
well, A. Cooray, A. Leauthaud and L. Lombriser,
Phys. Rev. D81,123508 (2010).
[44] L. Pogosian, A. Silvestri, K. Koyama and G. Zhao,
Phys. Rev. D81, 104023 (2010).
[45] G. Zhao, H. Li, E. V. Linder, K. Koyama, D. J. Bacon
and X. Zhang (2011), arXiv:1109.1846 [astro-ph].
[46] C. Skordis, Phys. Rev. D79, 123527 (2009).
[47] P. G. Ferreira and C. Skordis, Phys. Rev. D81,104020
(2010).
[48] J. Zuntz, T. Baker, P. G. Ferreira and C. Skordis (2011),
arXiv:1110.3830 [astro-ph.CO].
[49] J. G. Williams, S. G. Turyshev and D. Boggs,
arXiv:1203.2150 [gr-qc].
[50] B. Bertotti, L. Iess and P. Tortora, Nature 425, 374
(2003).
[51] E. G. Adelberger [EOT-WASH Group Collaboration],
hep-ex/0202008.
[52] R. Pourhasan, N. Afshordi, R. B. Mann and A. C. Davis,
JCAP 1112 (2011) 005 [arXiv:1109.0538 [astro-ph.CO]].
[53] B. Li and J. D. Barrow, Phys. Rev. D83, 024007 (2011).
[54] B. Li, G. B. Zhao, R. Teyssier and K. Koyama (2011),
arXiv:1110.1379 [astro-ph.CO].
[55] J. H. Steffen et al., Phys. Rev. Lett., 105, 261803 (2010).
[56] B. Li and H. Zhao, Phys. Rev. D80, 044027 (2009).
[57] Tamaki, T., & Tsujikawa, S. 2008, Phys. Rev. D, 78,
084028
[58] F. Luo, K. A. Olive, J. -P. Uzan, [arXiv:1107.4154 [hep-
ph]].
[59] P. Brax, C. Burrage, A. -C. Davis, D. Seery and A. Welt-
man, Phys. Lett. B 699, 5 (2011) [arXiv:1010.4536 [hep-
th]].
[60] J. -P. Uzan, Living Rev. Rel. 14 (2011) 2
[arXiv:1009.5514 [astro-ph.CO]].
[61] J. K. Webb, V. V. Flambaum, C. W. Churchill,
M. J. Drinkwater and J. D. Barrow, Phys. Rev.L˜ett. 82,
884 (1999).
